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A Paradox of Two Space Shipsin Special Relativity

Takuya M atsuda and Atsuya Kinoshita

A paradox in special relativity is proposed and discussed. Two spaceships start accelerating at the same time in an
inertial frame S, in the same direction along the line joining them, experience the same acceleration for the same time
duration, stop acceleration at the same time and reach the same velocity u, which is not too small compared with the
light speed. Then, what is the distance between the two spaceships, after the steady motion is reached, as observed
from S? Does it contract as is suggested by Lorentz transformation, or does it stay constant?

The answer is obvious: it stays constant. Interestingly, the distance, observed from a frame of the spaceshlps S,

does not stay constant but increases. The distance between
two spaceships is not the same as the length of one spaceship.

The present authors discovered the interesting phenom-
enon that many physicists, including university professors
who teach relativity, fail to understand the problem and in-
sist that the distance between two spaceships should un-
dergo Lorentz contraction. We solve this apparent paradox
using Minkowski’s space-time diagram, and explain pos-
sible pitfalls.
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1. INTRODUCTION
Imagine that a spaceship with a proper length L stays still at
firstintheinertia frame S and then starts accelerating to reach
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a steady speed u. After the steady state is reached, the length
of the spaceship observed from Scontractsfrom L to L', where

L' = [A[1-(u/c) (D

Thisis the Lorentz contraction.

Now, let usimagine two spaceships of the sametype, Aand
B, which stay still at first in the inertial frame S, the distance
between the two spaceships being L. At t=0 these spaceships
start accelerating in the same direction along the line joining
A and B, undergo the same accel eration for the same duration,
stop accelerating at the same time and reach a steady speed u,
al viewed from S



Now we ask the question: “What is the distance between
these two spaceships after they reach the steady speed u, ob-
served from S? Isit L or L’?” The answer isobvious: itisL.
The distance between two spaceships does not undergo L orentz
contraction contrarily to the length of one spaceship.

The present authors published papers presenting the above
two spaceships paradox in a Japanese physicsjournal, although
we do not refer the papers since they are written in Japanese.
We discovered a very interesting phenomenon: many
physicists, including university professors who appear to teach
relativity, fail to understand the problem but instead claim that
the distance should be L’. Some of them stick to the wrong
answer and published papers criticizing us (in Japanese, there-
fore we do not refer them neither). Moreover, in order to give
their wrong comprehension something to stand on, they pre-
sented lots of nonsensical arguments.

The aim of the present paper isto resolve this apparent para-
dox using a space-time diagram.

2. OBSERVATION FROM AN INERTIAL FRAME S
Figure 1 shows a schematic picture showing two spaceships,
A and B, separated by L and flying in the same direction.

Fig.1: Two spaceshipsinitially separated by a distance L in
theinertial frame Sstart accelerating at the sametime,
undergo the same motion except for the starting points
and reach the same final speed u. What is the distance
between A and B as seen from S? Does it stay constant
or doesit Lorentz contract?

Figure 2 shows the space-time diagram of the world lines of
the two spaceships observed from the inertial frame S(x, ct).
The horizontal axis is the space coordinate x and the vertical
axisisct.

Before the accel eration, the two spaceships stay still on S, so
the world lines of the two spaceshipsare A— A”and B— B’.
The distance between the two spaceships stays L before the
acceleration.

In order to make the problem simple, let us assume that the
time duration of the acceleration is infinitesimally small (but
not zero), so that theworld lines of the two spaceships are com-
binations of two straight lines. In Fig. 2 the event B is just be-
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Fig. 2: World lines of two spaceships. Two spaceships stay
gtill in the inertial frame S(x, ct) before accelerating.
They accelerate instantly at t=0 and reach a steady
speed u after the acceleration. The two spaceships stay
still as observed fromtheinertial frame S(X, ct’), which
isrepresented by the X'-ct” coordinate. The dotted lines
show the light cone.

fore the acceleration and B” isjust after it. The world lines of
the two spaceships after the acceleration are A’ —~A” A" and
B”"—B” , wheretheline A”"B” isset to beparald to A'B”. It
should be noted that a distance on Sshould be measured at the
same time on S. Therefore, the distance between two space-
ships after the acceleration measured on Sis A’'B”"=A"B"”’
(=AB=L). Thisisaconclusion drawn from a simple geometri-
cal consideration only and has nothing to do with relativity.

One can conclude that the length of each spaceship may
contract according to Eq. (1) but that the distance between the
two spaceships should stay constant, as viewed from S.

3. EXPANSION OF THE DISTANCE BETWEEN

TWO SPACESHIPS: OBSERVATION FROM &
Now let us observe the situation from an inertial frame, S,
which is moving with speed u to the right. On this frame, S
the two spaceships stay still after the acceleration. The frame
S isrepresented by (X, ct”) in Fig. 2.

For an observer on S, the events A” and B’ do not occur at the
sametime, but A” and B” do. Two events are seen to occur at the
sametimeon S, if the line joining these two eventsis parallel
tothex’ axis. Therefore, A” occurs simultaneously with B rather
thanB'(=B”), and A”” doeswith B”" , both to an observer on S.
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To the observer on S, the distance between two spaceships
isA”B”(=A"'B"”"), which is defined as L”. This length seems
to belonger than A’'B”(=L), but we must be careful when mak-
ing such a comparison. Indeed, the unit length on Sand that
on S’ are not equal in this diagram.

In order to transform the length in Sand S/, let us use the
following identity:

X2-(ct)2=(x) 2- (ct) 2= (L") 2 )

This equation is visualized as the hyperbola, which is tangent
to A’A”A”” at A” and tendsto the light cone. The point, at which
this hyperbola crosses with the x-axis, is denoted by C’. One
may easily get x’=L" by putting t’=0, and also x=L" for t=0.
Therefore, B”C’=L" in this diagram. We may easily see that
B"C>A'B”: L">L.

Quantitatively we can prove the following relation:

L= L /l1-(ulc) 3)

Therefore, we may conclude that the distance between two

ct'
o

Fig. 3: Theframe S'isshown as a Cartesian coordinate system.
The two hyperbolas and the light cone are unchanged
compared with Fig. 2.

spaceships expands, when viewed from the frame S'.

4, LORENTZ CONTRACTION OF THE DISTACE
BETWEEN TWO SPACE STATIONS

So far we showed that the distance between two spaceships

should stay constant before and after the acceleration if viewed

from S. We also found that the distance expands if viewed

from S'. So, where is the Lorentz contraction?

Let us consider that the two spaceships are located at two
space stations before accelerating. The distance between the
two space stations is always L, of course, if viewed from S.
The distanceisseento be L’ in Eq. (1), if viewed from S

In order to see thismore clearly, let usintroduce a coordinate
system in which x” and ct” are shown as Cartesian coordinates.
Fig. 3 shows this. Note that all the notationsin Fig. 3 are the
same asthosein Fig. 2.

From an observer on S, two spaceships as well as two space
stations are moving to the left with speed u: A—A’ and B—B’.
At the event A’ the spaceship A stops by igniting arocket motor,
and later on at B’ the spaceship B stops. Because of thistime
delay, the distance between the two spaceships increases for
the observer on S

The distance between the two spaceships before the stop,
which is the same as the distance between the two space
stations, isviewed asA’'Bon S. Thislength A'BisL’. In order
to see this graphically, let us use the identity:

X - (ct)?=(x)2- (ct) ?=L?2 (4)

This equation can be represented as the hyperbola, which is
tangent to AA” at A" and tendsto the light cone. This hyperbola
intersects with the x” coordinate at C”. We have A'B'=C"B’
(=L), which is certainly longer than A’'B(=L"). We may also
prove that

C"B/(=L) < A’B'(=L") ©)

Summarizing the above argument, the distance between two
space stations contracts according to Eq. (1), if viewed from S'.

5 VIEW POINTSOF PILOTSOF THE SPACE-
SHIPS

So far we discussed viewpoints of an observer either on Sor

S, both of which areinertial frames. Now let us consider the

viewpoint of the pilots of the space ships, particularly that of

the pilot of B.



For him the distance between the two spaceshipsis observed
as A’B’(=L) before the acceleration, but it increases suddenly
to A”B”(=L") after the acceleration.

In other words, the spaceship A seemsto warp from A’ to
A”. Thisis because an iso-time line jumps suddenly. For the
pilot of B, A”isidentical to A”.

Thisis an artifact due to our assumption that the accelera-
tion occurs instantly. In reality the duration of the accelera-
tion of B is not zero, although it can be infinitesimally short.
Therefore, sudden jumps do not really occur.

6. WORLD LINE OF A SPACESHIPTHAT
PRESERVES THE PROPER DISTANCE

Aswas discussed above, the distance between two spaceships

observed from apilot point of view, which is called the proper

distance, increases suddenly. Is there any world line that pre-

serves the proper distance? There are many such world lines.

In order to present such an example, let us assume that the
acceleration of spaceship B occurs instantly, but that of A occurs
gradualy. Fig. 4 shows such aworld linee A’ — C” — C”. Here
thetrgjectory A’ — C” ison the hyperbola given by Eg. (4) and
C”—C” isadraight line. One can easily see that the proper
length of the distance between two spaceshipsis preserved.

In Fig. 4, the original world lineof A’ —=A” — A" isaso
shown. Theworld line A—A"—D”—D"" is nothing but that
of the space station discussed in Section 4. We can see that

Fig. 4: World lines of a spaceship that preserves the proper
distance. The world line of the head of the spaceship
iSA—A"—C” —C"”, whilethat of thetail isB—B’

> B// > B’”.
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B//D = B//D /(: L/)< B//A/(: L) .

7. GENERAL RELATIVISTIC VIEW POINT

The strange experience of the pilot on the spaceship B can be
understood easily if ageneral relativigtic viewpoint isintroduced.
For him gravity emerges suddenly at the time of the acceleration.
The line element for an accelerating observer is

ds> = (1 + %5 xYPde - dx? - dy? - dz? (6)

C

where ais the magnitude of acceleration/gravity. If a=0, we
restore a Minkowski space-time.

For an observer on B, adistant clock seemsto tick faster in
proportion to the distance to the clock. Thisis due to the dif-
ference in gravitational potential. If we denote the proper time
of the two spaceships as 7 and 7s, we have

dzy a
aty _ <

a1y 1 +7x @)

)

Based on this equation we may say that the clock on space-
ship A seemsto tick faster than that on B.

In the original case of the very short period of acceleration
of spaceship A, the duration of accelerationisstill shorter in A
than B. Therefore, the spaceship A stops acceleration earlier
than B, and the distance between them increases.

In the case of section 6, in which the proper distance between
two spaceshipsis preserved, the accel eration of the spaceship A
is adjusted to be smaller than that of B to compensate the faster
tick of the clock on A. Denoting the accel eration of each space-
ship asaa and ag, and if the following relation

a
ay= ®)
1+=3L
c

holds, then the proper distance between the two spaceshipsis
kept constant as L.

8. MECHANISM OF LORENTZ CONTRACTTION:
TWO SPACESHIPSJOINED BY A SPRING

World lines of A and B in the previous figures are those of two

independent spaceships, but not those of the head and the tail

of one spaceship. Why? The reason is that there is abody be-

tween the head and the tail of a spaceship, and this body ex-

erts a stress.
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In order to understand this, let us imagine two spaceships
separated by L and joined by aspring, which is not very strong.
If two spaceships accelerate in the same way, the distance be-
tween them increases at first viewed from the spaceships, as
was discussed before. However, the distance begins to shrink
because of the spring and settles to the original distance L
viewed from the spaceships. In thisway, the distance between
two spaceships contracts following Eq. (1) viewed on S.

9.LIMIT LENGTH OF LORENTZ CONTRACTION
However, it should be noted that there is a limit length for
which the Lorentz contraction really occurs. Let usimagine a
huge spaceship with a proper length of 10 light years. Sup-
pose it can reach 0.8c within a year, where c is the speed of
light. According to Eq. (1), the length of the spaceship should
become as small as 6 light years. However, in order for thisto
occur, some part of the spaceship should travel faster than c,
and thisis not possible. Therefore, such along spaceship can-
not contract according to Eq. (1). Theremust be somelimit length
for the Lorentz contraction really to occur. The limit is ¢¥a,
which can be inferred from Eqg. (6) and (7).

10. DISCUSSION

After our Japanese papers and afew papers criticizing our ar-
gument appeared in the Japanese physics journa “Parity,” we
discovered that avery similar argument was discussed by Bell,
and that it was met with similar criticism that we are [1]. This
means that, unfortunately, many physicists did not, have not
and still do not understand the real meaning of the Lorentz
contraction even after almost 100 years of the introduction of
special relativity by Einstein.

The authors would like to thank Dr. H. M. J. Boffin for his
careful reading of the manuscript.
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Fig. 5: Two spaceships A and B joined by a spring. The dis-
tance between A and B, observed from the spaceships
frame, increases during the acceleration, and then con-
tractstoitsoriginal distance L due to the stress of the
spring. An observer on the inertial frame S measures
the distance as L’, which is Lorentz contracted.





